FULL TWISTS FACTORIZATION FORMULA FOR 
DOUBLE NUMBER OF STRINGS 



VIK. S. KULIKOV 

Abstract. A formula for factorizations of the full twist in the 
braid group -Br 2m depending on any four factorizations of the full 
twist in Br m is given. Applying this formula, a symplectic 4- 
manifold X and two isotopic generic coverings /, : X — > CP 2 , 
branched, respectively, along cuspidal Hurwitz curves Hi C CP 2 
(without negative nodes) having different braid monodromy fac- 
torization types, are constructed. The class of the fundamental 
groups of the complements of the affine plane Hurwitz curves is 
described in terms of generators and defining relations. 



0. Introduction 

Let (X, L) be a polarized projective surface over the field C, where 
the polarization L is a very ample line bundle on X. Three generic 
sections of L define a generic covering / : X — > CP 2 branched over 
an algebraic cuspidal curve H C CP 2 (possibly, one should take three 
sections of L® 2 instead of the sections of L to obtain a generic covering 
of the plane ( |Ku-Kuj )). Recently, Auroux and Katzarkov (see |Auj . 
Au-Kaj ) obtained a similar result in symplectic case. More precisely, 
let (X, uj) be a compact symplectic 4-manifold with symplectic form 
uj whose class [a;] G H 2 (X,Z). Fix an tu-compatible almost complex 
structure J and corresponding Riemannian metric g. Let L be a line 
bundle on X whose first Chern class is [a;]. Then, for k >> 0, the line 
bundle L® k admits many approximately holomorphic sections so that 
one can choose three of them which give an approximately holomor- 
phic generic covering : X — > CP 2 of degree = k 2 u 2 branched 
over a cuspidal Hurwitz curve (the notion of Hurwitz curves is a 
generalization of the notion of plane algebraic curves; see the definition 
in section EJ). In algebraic case, if deg/ > 12, then / is determined 
uniquely by H ( |Kuj . |Nemj ) . Any generic covering / : X — > CP 2 
of degree N branched over a cuspidal Hurwitz curve H determines 
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(and is determined by) its monodromy /Z, that is, an epimorphism 
Jl : 7Ti(CP 2 \ H) — > &n to the symmetric group &n- Therefore one 
of the main problems is to investigate the properties of the fundamen- 
tal groups of the complements of Hurwitz curves in order to have a 
possibility to construct interesting examples of symplectic 4-manifolds. 

In [ Kulj , a class C of groups, called C-groups, was defined. This class 
coincides (see Proposition II. 3|) with a class consisting of the groups 
which are given by finite presentations of the following form: for some 
integer m, a function h : {1, . . . , m} — > Z, and a subset W = {wij t k G 
F m I 1 < h 3 < m i 1 < ^ < h(i,j)} C F m , where F m is the free group 
generated by an alphabet {xi, . . . ,x m }, a group G G C possesses the 
presentation 

G w =< xt, . . . ,x m | Xi = w^l k XjWi >jjk , w ijj>k G W > . (1) 

Let (pw '■ F m — > Gw be the canonical epimorphism. The elements 
<fw{ x i) ^ G, 1 < g < m, and the elements conjugated to them are 
called the C -generators of the C-group G. Let / : G\ — » G<i be a 
homomorphism of C-groups. It is called a C -homomorphism if the 
images of the C-generators of G\ under / are C-generators of the C- 
group (?2- We will distinguish the groups G G C up to C-isomorphisms. 
Note that the class C contains the subclasses K and £, respectively, of 
the knot and link groups given by Wirtinger presentation. In |Kulj . 
it was proved that the class C coincides with the class of the funda- 
mental groups of the complements of orientable closed surfaces in the 
4-dimensional sphere S A (with generalized Wirtinger presentation). 

We prove ( Theorem 16. 1J) that the class TC = { tti(C 2 \H) } of the fun- 
damental groups of the complements of affine Hurwitz curves H (that 
is, H = H n (CP 2 \ L^), where H is a Hurwitz curve in CP 2 and is 
a projective line in CP 2 in general position with respect to H) coincides 
with a subclass of C consisting of the C-groups Gw with presentation 
(HJ) such that the set of the set of words {[xj, X\ . . . £ m ]}i=i,..., m is a sub- 
set of W. We also describe (Theorem 16. 3|) the intersection H n /C of 
the classes Ti and /C. Besides, we prove (Corollary 11.1 5j) that the class 
C coincides with a class Cbt of groups which possess presentations of 
the form 

Gb =< xi, . . . , x m | x~ l b(xi) = 1, i = 1, . . . , m, b G B > 

for some m G N and a finitely generated subgroup B of the braid 
group Br m , where b(xi) is the image of Xi under the standard action 
of b G Br m on F m . The proof of these results is based on a full twist 
factorizations formula in the braid group -Br 2m (see section^. This 
formula also is applied to prove the existence of a symplectic 4-manifold 
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X and two isotopic generic coverings fi : X — > CP 2 , i = 1,2, branched, 
respectively, over cuspidal Hurwitz curves (without negative nodes) 
Hi C CP 2 having different braid monodromy factorization types (see 
Theorem I7.7j) . 

1. C-GROUPS 

Let F be the free group generated by an alphabet {xj \ j £ N }. Be- 
low, denote by F m the subgroup of F generated by x%, . . . , x m , and F m fc 
the subgroup of F generated by Xk+i, • • • , Xk+ m - Notation w(x\, . . . , x m ) 
means a word in letters x\, . . . , x m and their inverses considered as an 
element in the group F m . 

Let W be a subset of F m and N m {W) the normal closure of W 
in F m . Denote by ipw '■ ~^ ^m/N m {W) = G(W) the canonical 
epimorphism. The set 

R w = {w j (x 1 , x m ) = 1 | wj e W } 

is called a set of relations defining G(W). We say that the relations 
Rw imply a relation {w(xi, . . . ,x m ) — 1} if w G N m (W). Sometimes 
the set Rw will be written in the form 

Rw = {uj{xi, . . .,x m ) = vj(xx, . . .,x m ) | Wj(x) = Ujfflvjfiy 1 eW} 

for some presentation of the words Wj £ W in the form Wj = UjV~ l . 

Let Wi C F mi , W 2 C F m2 , and / : G{W 1 ) -> G(W 2 ) be a homomor- 
phism. We say that / is the canonical homomorphism if 

for all i < min(mi, 777-2). In particular, if W\ C W2 are two subsets in 
F m , then there is the canonical epimorphism 

fa uWa : G(W!) - G(W 2 ) = G{W x )/N G{w ^ Wx {W 2 \ (2) 

where Nc(Wi)(fWi(W2 \ Wi)) is the normal closure in G(Wi) of the set 
<f Wl (W 2 \Wx). 

We say that two sets of relations 

R w . = {w id = 1 I Wij £ Wi }, 7 = 1, 2, 

are equivalent if N m (Wi) = N m {W2). More generally, for k < m, let 
W\ C F fc and W 2 C F m be two subsets of elements in ¥ k and F m , 
respectively The sets of relations 

R Wl = {wij = 1 I wij £ Wi } 

and 

Rw 2 = {w 2 ,j = 1 I w 2J eW 2 } 
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are called equivalent if there is the canonical isomorphism h : G(Wi) — > 
G(W 2 ). 

Claim 1.1. For W ll W 2 C ¥ k and Wi C F m; m > k, if the sets of 
relations Rw 1 and are equivalent, then the sets of relations Rw-iUW* 
and Rw 1 \jw 2 are equivalent. 

Proof. Straightforward. □ 

Claim 1.2. Let w(x%, . . . , x m ) — x e ,\ ■ ■ ■ x £ £, e k = ±1 for k = 1, . . . , n, 

be a word in the letters X\, . . . , x m and their inverses of the letter length 
n > 2. Then for any pair ii,i 2 € {1, . . . ,m}, the relation {x^ = 
w~ 1 Xi 2 w} in F m is equivalent to the union of the sets of relations 

R w = {x m jf-k = Xj k k %m+k— i x j k k I k = 2, . . . , n 1 }U 

f ry />"■ ^ 1 />"» . nf^" ^ t* . t* />"» rp^Ti \ 

X-^m+l ""jj J -'i2 Jj jii jn m + rl— 1 jVi / 

m F m+n _!. 

Proof. Straightforward. □ 
Let / be any subset in {1, ... , N} 3 . Since for (i, j, k) G {1, . . . , N} 3 
the relations Xi = x~ l x k Xj and x k = XjXiXj 1 are equivalent, Claims 
11.11 and 11.21 imply the following proposition. 

Proposition 1.3. Any C-group G is canonically C -isomorphic to a 
C -group G with C -presentation of the form 



-i. 

i.e., the definition of C -groups given in Introduction coincides with the 



G ~< Xi, . . . ,xn I Xi = Xj 1 x k Xj for k) e / >, 



definition of C -groups given in [Kul . 

Note that the relation C-relation, since it can be written 

in the form X{ = x~ 1 XjXj. 

Example. Let Br m be the braid group on m strings. It is generated 
by generators ax, ... , a m _i being subject to the relations 

aiOi+iOi = a i+ iaia i+ i 1 < % < m — 1, 

OiOk = OfcOj | i — k | > 2. 

The braid group Br m with presentation (j3J) possesses a natural struc- 
ture of C-group. Indeed, let 

Rw(Bv m ) = { %2i+l = X 2 ~ t 1 _ l X 2 iX 2 i-l | i = 1, . . . , m - 1 }U 

{ x 2i -i = x^x 2i+ ix 2i I i = 1, . . . , m - 1 }U 

{ x 2i -i = x 2 ]_ x x 2i - X xij-\ I \i - j\ > 2, l<«,j<m-l} 

be a set of C-relations in F 2m _ 3 . Put Gsr m = G(W(Br m )). One can 
check that the homomorphism / : Br m — > Gs rm given by /(aj) = 
^wO^i-i); i = 1, . . . , m — 1, is an isomorphism. 
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For a set W = Wf = {wj(xi, . . . , x m ) G F m | j G J}, where 
/ : J — > ¥ m is a map from a set J and f(j) is denoted by Wj for j G J, 
the set 

sh (W) = sh m (W) = {Wj(x m+1 , . .., x 2m ) | j e J} 
is called the shift of W by m. Denote by 

modm {-^i -^m+i \ i 1, . . . , 771 } 

and call the sets 

d(W) = d m (W) = W U sh (W) U W modm (4) 

and 

d(W) = d m {W) = sh (W) U W modm (5) 

in ¥2m, respectively, the doubling and the reduced doubling of the set 
W. 

The doubling (respectively, the reduced doubling) of a set W can be 
iterated if we put 

d n (W) = d 2n -i m (d n - 1 (W)) G F 2 n m . (6) 

Claim 1.4. For any n G N £/ie sets o/ relations Rw, Rd n (w)> an d 
RcT(w) are equivalent. 

Proof. Straightforward. □ 
Let B be a subgroup of Aut (F m ). Denote by Rw(B,w m ) the set of 
relations 

Rw(B,¥ m ) = {wg{w)~ 1 = 1 | w G F m , g G B }. 

Claim 1.5. Let yi,...,y m G F m be elements generating F m . For a 
subgroup B C Aut(W m ), the set of relations Rw(B,w m ) is equivalent to 

Rw(B,y) = {yigiyi)' 1 = 1 I 1 < i < m, g e B}. 

Proof. Note that to prove Claim lTol it is sufficient to show that the con- 
dition that elements Wig^Wi) -1 and m^O^) -1 belong to N m (W (B ,y)) 
for some Wi,w 2 G F m implies 

w^gfa 1 )- 1 G N m {W{B,y)) 

and 

w^giw^)' 1 G iV TO (W(B,i7)). 
If w 1 g(w 1 )- 1 e N m (W(B,y)), then 

(w 1 g(w 1 )- 1 )- 1 = <7(™iH~ X G N m {W{B,y)) 

and therefore 

uTW) -1 = w^(g(w 1 )w^ 1 )w 1 G iV m (W(S,y)). 
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If w 1 g(w 1 )-\w 2 g(w 2 )- 1 G N m (W(B,y)), then 

w 1 w 2 g{w 1 w 2 )~ 1 = wiw 2 g(w 2 y 1 g{w i y 1 = 
wiiw^iw^-^w^iwigiwi)- 1 ) G N m {W{B,y)). 

□ 

Claim 1.6. If B C Aut(¥ m ) is generated by elements b\,...,b n and 
elements yx,...,y m generate W m , then Rw(B,w m ) is equivalent to 

R w{b,y) = iy^jiVi)' 1 = 1 I ±<i<m, 1 < j < n }. 

Proof. It follows from the proof of Claim [T31 that to prove Claim [T7SI it 
is sufficient to show that the condition that the elements wg\{w)~ l and 
wg^w)' 1 belong to N m (W(b, y)) for some gi, g 2 G B and any wGF m 
implies wig^iw))- 1 G Nrn(W(b,y)) and w{gxg 2 {w))- x G NjW(b,y)). 
If wgxiwY 1 G N m (W(b,y)) for all w G F m , then 

(w(g^(w))-^ = {gx\w))w^ = 
(^M^i^H))" 1 G N m (W(b,y)). 

If w( gi (w))-\ w(g 2 (w))- 1 G N m (W(b,y)) for all w G F m , then 

wg 1 g 2 {w)- 1 = wgx{g 2 {w)Y l = 
(wg^wy^MgMw))- 1 ) G N m (W(b,y)). 

□ 

The braid group Br m on m strings acts on F m . Below, we fix a set 
{a\, . . . , a m -x} of so called standard generators, i.e., generators of Br m 
being subject to the relations 

ctiCti+xai = a i+ xaia i+1 1 < i < n — 1, 

ajOfc = afcdj | i — A; | > 2 

and acting on F m as follows: 

a i (x j )=x j ifi^j,j + l; 

Therefore one can associate a set of relations Rw(B,w m ) to any subgroup 
B C -Br m . As in the case of the free groups, for k < m the group Br^ 
is identified with the subgroup of Br m generated by the first k — 1 
standard generators ax, ■ ■ ■ , ajt-i, and we denote by B^, k + i < m, 
the subgroup of Br m generated by a{+x, ■ ■ ■ , cti+k-i- Let be the 
Garside element in the braid group B^^: 

Afe,i = (a«+i . . . aj + fc-i) . . . (ai + xai +2 ai + 3)(ai + iai +2 )ai + x. 
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We have 

^■k,i(Xi+j) = ■ ■ ■ Xi+k-j)Xi+k~j+l(Xi+l ■ ■ ■ ^i+ft-j) 1 (7) 

for i + 1 < j < i + k (we put here Xi+i . . . Xi+k-j — 1 if j = i + k) and 

A fc (x i ) = xj 

for j < i and j > i + k. The Garside element in Br^ will be denoted 
by A fe . 

Let sh = sh m : Br m — > Br2 m be the homomorphism given by 
sh(aj) = a m+ j for j = l,...,m — 1. For any subgroup B of Br m , 
its image sh(B) will be called the shift of the group B by m. 

Below, we will identify with the fundamental group Tti(Dk \ 
{pi, . . -,p k },Po), where D k = {z E C \ \z\ < k + 1 }, p = -i(k + 1), 
Pj = —j for j = 1, . . . , k, and for each j the element Xj will be iden- 
tified with the loop consisting of the segment jj = {z G C | z — 
-i(k+l)-t(j+i(e-k-l)), < t < 1 } for some < s « 1, the circuit 
around the circle = s} in the counterclockwise direction and the 

return along lj (see Fig. 1). For so chosen base x±, . . . , x k , the standard 
generators aj of Br^, j = 1, . . . , k — 1, are identified with half-twists de- 
fined by the segments [— j — 1, — j] = {z = —(j+l)+t \ < t < 1 } (see 
details, for example, in [M oi-Te2] ). The element 4 = x\ . . . Xk coincides 
in 7ri(Dfc\{pi, . . . ,Pk},Po) with circuit around the boundary dDk of Dk 
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in the counterclockwise direction and it is fixed under the action of Br k - 



—k -i -1 




Fig. 1 

We say that an ordered set {yi, . . . , y m } consisting of elements of F m 
is a good geometric base of F m if there is b € Br m such that yj = b(xj) 
for j = l,...,m. An ordered set {yi, ■ ■ ■ ,Vk}, k < m, of elements 
of F m is called good if the set {y±, . . . ,yk} can be extended to a good 
geometric base {yi, . . . , y m } of F m . It is well-known that {y±, . . . , y m } 
is a good geometric base of ¥ m if and only if each yj is conjugated to 
some x k(J ) in F m and yi...y m = l m . 

Consider an element w(xi, . . . , x m ) — x^ . . . a^", Sj = ±1, in F m of 
the letter length n. For k > n and p > 1, the element 

is called the moving apart of w by m with center at pmlc. 

Below, we will use the following claim which is obvious from geomet- 
ric point of view. 

Claim 1.7. Letw k {xi, . . .,x m ) = x e £\ . . ■x£ n n k , £k,j = ±1, k = 1,2, be 
two words in the letters x\, . . . ,x m and their inverses of the letter length 
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rik less than n. Then for each pair ii,i 2 such that 1 < ii,i 2 < m, the 
pair (y 1 = w 1 x nm+il w^ 1 ,y 2 = w 2 x 3nm+i2 W2 1 ) is good in F 4mri; where 




Fig. 2 

Let h : {1, . . . , m} 2 — > Z be a non-negative integer-valued function. 
Put 

4 = A;) G Z 3 | 1 <i,j <m, 1 < k < h(i,j) } 
and let / : I h — > F 2 ^ be a map to F 2 ^ = F m x F m . 

Claim 1.8. For any map / : 1^ — > F^ ; inere are M G N, a /mite sei 
i/ij C {1, . . . , M} 2 and a map F : Ihj — > F 2 ^ snc/i £nai 

(i) tae pazr F(i,j) = (yi,Vj) is a good pair in ¥ M for each G 

(ii) the sets of relations 

R Wf = { x^WijfiXjWijj = 1 | k) G I h , w iJtk = f(i,j, k) } 
and 

Rw F = {y^yj = i I (y*,Vj) g imF} 

are equivalent. 
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Proof. By Claim ITT| there is an integer N such that the pairs 

(Xi, ^Nm,N,rn( w i,j,k) x Nm+j m Nm,N,rn( w i,j,k) *) 

are good for all k) G Ih- Obviously, the set of relations Rw in F m 
is equivalent to the union of two sets of relations Rm(w f ) and R mo dm 
in ¥ 2 Nm, where 

Rm(W f ) = {%i = ™-Nm,N,m(Wi,j,k)xNm+j™-Nm,N,m(Wi,j,k) 1 | (hj,k) G Ih} 

and 

Rmodm = {xi = Xj | i = j mod m)}. 

For each i < m and each k > the pair (xi,Xi +m k) is good which 
completes the proof of Claim 11.81 if we put M = 2Nm and R\y F = 

Rm(W f ) U Rmodm- □ 

By Claim Hini for a subgroup S of i?r m generated by bi, . . . , b n , the 
group G(W(B,¥ m )) is canonically isomorphic to 

G(W(b,x)) = 

< x 1 ,...,x m I x i x bj{xi) = 1, i = 1, . . . ,m, j = 1, . . . ,n > . 

Claim 1.9. Presentation (QJ) defines on G(W(b,x)) a structure of a 
C- group. 

Proof. We have 

b(xi) = Wb^x^XjWb^x) (9) 

for some j = cr^i) and w^x) G F m , where a b G & m is the image 
of b G Br m under the canonical epimorphism a : Br m — > © m with 
kera = P m (we denote by © m the symmetric group acting on the 
set {l,...,m} and by P m the subgroup of pure braids). Therefore, 
the relations x^ 1 bj(xi) = 1 are equivalent to the C-relations Xi = 

The following lemma is well known. 
Lemma 1.10. Let b^ = ga^ +1 g^ 1 G Br m . Then the set of relations 
{x^b^Xi) = 1 | i = l,...,m} 

in ¥ m is equivalent to one single relation: 

(0) g(xj) = g(x j+1 ) ifk = 0; 

(1) the commutant \g(xj), g(xj + x)) = 1 if k = 1 or —3; 

(2) g{x j )g{x j+ i)g{xj) = g(x j+l )g(xj)g(x j+1 ) ifk = 2. 
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Proof. Consider a free base {y±, . . .y m } of the group F m , where yi = 
g(xi) for i = 1, . . . , m. By Claim IOI the sets of relations = 
1 | i — 1, . . . , m} and {yl l bk(yi) = 1 | i — 1, . . . , m} are equivalent 
for each k. 
We have 

h(yi) = g(xi) = ga^ +1 g~ 1 (g(x i )) = g(xi) = y { 

if i 7^ Ji 3 + 1, 

hiyj) = 9 a ) +l i.Xj) 



g(xjXj + iXj ) if k = 0; 

g((x j x j+ i)x j (x j x j+1 )~ 1 ) if k = 1; 

(^((a; i a; j+ ix j )a; : , + i(a; : ,a; : , + ix j )~ 1 ) if fc = 2, 



and 



h(Vj+i) = ga k j + \xj+i, 



Therefore 



g(xj) if fc = 0; 

g(xjXj + ixj 1 ) if = 1; 

^((xj-Xj+Ox^Xj+iXj)" 1 ) if = 2. 

VjVj+iyJ 1 if As = 0; 

= ^ (VjVj+iivjiVjVj+i)' 1 if As = 1; 

(%%+i%)%+i(%yi+i%) _1 if fc = 2 

if fe = 0; 

VjVj+iyJ 1 if As = 1 ; 

(VjVj+i )Vj (Vj+iVj)' 1 if k = 2. 

Thus, for each /c the set of relations {y~ 1 bk(yi) = 1 | i = 1, . . . , m} is 
reduced to one single relation 



and 



VjVjii = 1 if As = 0; 

VjVj+iVj^J+i = 1 if As = i; 
(y j y j+1 y j )(y j+1 y j y j+1 )- 1 = 1 if fc = 2. 



□ 



Claim 1.11. Lei yi, 2/2 fre a good pair in F m . T/ien i/iere zs an element 
b = ga\g~ l £ £>r m swc/i £/ia£ i/ie sei of relations Rw(<b>,w m ) ^ s equivalent 
to the single relation 

R b = {yf 1 ^ = 1}. 
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Proof. Since yi, y 2 is a good pair, it can be included in a good geomet- 
ric base {yi, . . . ,y m } of ¥ m . Therefore there is an element g G Br m 
such that g{xi) — yi for i = 1, . . . , m. By Lemma ri.l(J[ Rw(<b>,¥ m ) is 
equivalent to Rb- □ 
Consider the braid group Br 2m . Put a m i = a^m-i, 

Cm,i [P"m,iQ"m,i-\-\ ■ • • ^m,rn—l)^ , rni s ^'m,,i^'va,i+l ■ ■ ■ @"m,m— l) (^^) 

for 1 < i < m — 1, c mi?n = a m , and 

Claim 1.12. T/ie set of relations Rw(<c mi >,¥ 2m ) i s equivalent to the 
single relation 

Rc mii = { X m+i X{ = 1 }• 

Proof. Using ((Zj), one can check that 
and 

^mm("™|!"™i'+l ■ ■ ■ Q"m,m— l) (•^m+l) *^m+i- 

Therefore Claim [TTJ follows from (UJjJ), JTU), and Claim HTni □ 

For any subgroup B of Br m , denote by d(B) = d m (B) (respectively, 
d(B) = d m (B)) the subgroup of Br 2m generated by the elements of B, 
sh m (_B), and the elements c mi i, . . . , c m ^ m (respectively, generated by the 
elements of B and the elements c mi i, . . . , c mi?n ), and call it the doubling 
(respectively, the reduced doubling) of the group B. 

The doubling (respectively, the reduced doubling) of a group B can 
be iterated if we put 

d n (B) = d 2n -^ m {d n -\B)) C Br 2nm . (12) 
Claim 1.13. For any neN the following sets of relations 

Rw(B,W m ), Rd"(W(B,¥ m )), RT(W(B,F m ))> R W(d"(B),¥ 2 n m ), and Ryj (T {B),¥ 2 n m ) 

are equivalent. 

Proof. It follows from Claims iLlI and H . 1 21 □ 

We say that a C-group G belongs to a subclass Cb t if it is C- 
isomorphic to a group given by the presentation 

I Rw(B,¥ m ) > 

for some m and some finitely generated subgroup B of -Br m . 

Theorem 1.14. For any C-group G there are Mq £ Z an<i a subgroup 
Bq of BrM generated by a finite set {bi, . . . , b nG } of elements conju- 
gated in BrM to the standard generator a x such that the group G is 
C -isomorphic to G(W(B,W M )). 
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Proof. It follows from Claims EH IT~7IP1 UTTI and HH □ 
Corollary 1.15. C Br = C. 

Recall also the following theorem. 

Theorem 1.16. ((Kr\) 

(i) A C- group G £ L if and only if there are an integer m and an 
element b £ Br m such that G is C -isomorphic to 

G(W(< b >, x)) =< xi, . . . , x m | Xi = b(xi) for i — 1, . . . , m > . 

(13) 

(ii) A C-group G with presentation ()13|) belongs to JC if and only if 
the permutation £ S m consists of one cycle of the length m, 
i.e., cxfo acts transitively on the set {1, . . . ,m}. 

2. Full twist factorizations 
It is well-known that the element (called the full twist) 

— (°1 • • ■ a m-l) m 

is the generator of the center of Br m . We have 

A m (Xi) = (Xi . . . X m )Xi(xi . . . Xm)' 1 . (14) 

In particular, the full twist A^ leaves fixed the element l m = x\ . . . x m . 
Consider the braid group -Br 2m . Put 

T'm C-m,mCm,m—l ■ ■ ■ Cm,l 

and 

T"m Cm ,mCm,m—l • • • C m ,li 

where c m)i and c m ^ were defined by means of (fTUj) and (fTTj) . 

Lemma 2.1. In the braid group -Br 2m , we have 

A 2m — A. m Q&. mrn f m . (15) 

Proof. Identify _Br 2 ( m -i) with subgroup B 2 (m~i),i C Brim- By induc- 
tion on m, we have 

I'm C m m C m m -.\ . . . C m iC m \ ^(m—l),m .1 ^2(m— l),lCm,l- 

Therefore to prove Lemma 12. 1[ it is sufficient to show that the actions 
on F 2m of the elements A 2m and 

coincide. 
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We fix the base {x±, . . . , X2 m } of F 2m which is drawn in Fig. 1. Then 
the action of c mj i on F 2m is induced by the half-twist defined by the 
path 7 m> i which is drawn in Fig. 3. 



-2m 




7m, 1 




The element u\ 
Fig. 5. 



Fig. 4 

= A 2 ( m -i),i(yi) is represented by the loop drawn in 
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Therefore, by (J7J), 



Fig. 6 

b(x 1 ) = A 2m (xi). 



(16) 



16 



VIK.S. KULIKOV 



The element i/i = c mi i(xj), i — 2, . . . , to, is represented by the loop 
drawn in Fig. 7. 




Fig. 7 

The element u { = A 2 ( m -i),i(yi)> % = 2, . 
loop drawn in Fig. 8. 



, m, is represented by the 




Fig. 8 

The element v t = A- 2 _ l m A- 2 _ 1;1 (^), i 
the loop drawn in Fig. 9 



2, . . . , to, is represented by 
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Po 



Fig. 9 

and the element Wi = A^qAj^ (i;*) = b(xi), i = 2, ...,m, is repre- 
sented by the loop drawn in Fig. 10. 



-2m 




i-2m+l 



W; 



Po 



Fig. 10 

Therefore 

b( Xi ) = A 2m (x i ) (17) 

for % = 2, ... ,m. 

It is easy to see that c m ^{x2 m -i) = %2m-i for i — 1, . . . , m — 1. The 
element ?/2m-i = A 2 ( m _i) j i(x2 m -i) is represented by the loop drawn in 
Fig. 11. 
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Fig. 11 

The element U2 m -i = ^m-i,m^m-i,i(y2m-z) is represented by the loop 
drawn in Fig. 12 




Fig. 12 

and the element v 2m -i = ^ i0 A^ m (n 2m - 1 ) = b(x 2m -i) is represented 
by the loop drawn in Fig. 13. 
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iPo 



Fig. 13 

Therefore, by (J7j), 

b{x 2m -i) = A 2m (x 2m _i) (18) 

for i = 1, . . . , m — 1. 

The element yi m = c m> \{x2 m ) is represented by the loop drawn in 
Fie. 14. 




Fig. 14 

The element w 2m = A 2 ( m _i) i i(y2m) is represented by the loop drawn in 
Fig. 15. 
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Fig. 15 

It is easy to see that A~ 2 _ 1 m A~ 2 _ 1 1 (w 2m ) = u 2m and the element 
b(x 2m ) = A^ A^ m (w 2 m) = x\- Therefore, by (JZj), 

b{x 2m ) = A 2m (x 2m ). (19) 

and Lemma 12.11 follows from ()16|) - (|19|) . □ 
Full twist formula for double number of strings. 

^2m = ^m,0^m,m r m- (20) 

Proof. By Lemma [2.11 

A 2m = A mQ A mm f m . 

It is easy to see that [A mi0 ,A m , m ] = 1 and [A 2m , A^ A^ m ] = 1. 
Therefore [f m>m , A 2 A 2 } = 1 and 



Thus 



A 2 = A 4 A 4 f 2 

2m m,0 m,m m' 



A2 _ A -1 A 2 a _ a4 a 4 2 

°2m — L -^m,m L -^2m L -^rn,m — L -*rnfi L -*m,m' m- 



□ 
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3. Factorization semigroups over braid groups 

Let {gi}iei be a set of elements of the braid group Br m . For each 
i & I denote by 9i C Br m the set of the elements in Br m conjugated to 
gi (the orbit of g^ under the action of Br m by the inner automorphisms). 
The union U = \J ie iO gi C Br m is called the full set of conjugates of 
{gi}i<zi and the pair (Br m ,U) an equipped braid group. In [K h-Kuj . 
a semigroup S(Br m ,U), called a factorization semigroup over Br m , 
was associated to each equipped braid group (Br m , U). Recall that by 
definition, the semigroup S(Br m , U) is a semigroup generated by the 
alphabet U being subject to the relations 

Ui ■ u 2 = u 2 ■ («2 1 n 1 w 2 ) if u 2 7^ 1 and U\ • 1 = U\ otherwise; 

U\ ■ u 2 = (uiu^i 1 ) ■ U\ if U\ ^ 1 and 1 • u 2 = u 2 otherwise 

for all «i, «2 G U . 

There are two natural homomorphisms: the product homomorphism 
a = a>u : S(Br m ,U) — ► i?r m given by a(tt) = u for each u <E U 
and the homomorphism A : -Br m — > Aut(S'(5r m , C/)) (the conjugation 
action) given by X(g)(u) = gug^ 1 G Z7 for all p e 5r m . The action 
X(g) on S(Br m ,U) is called the simultaneous conjugation by <?. Put 
= A((? _1 ), = A o acu and ps = p otu- The orbit of an element 
s G S(Br m ,U) under the conjugation action of Br m on S(Br m ,U) is 
called the type of s. 

Notice that S : (Br m , U) 1— > (S(Br m , U), au, A) is a functor from the 
category of equipped braid groups to the category of the semigroups 
over braid groups. In particular, if U C V are two full sets of con- 
jugates in Br m , then the identity map id : Br m — ► 5r m defines an 
embedding zdf/,v : S(Br m ,U) — > 5(5^, V). So that, for each group 
5r m , the semigroup 5 , s rm = S(Br m , Br m ) is the universal factorization 
semigroup over Br m , which means that each factorization semigroup 
Su = S(Br m , U) over Br m is canonically embedded in SBr m by idu,Br m - 

Since au = ®Br m °id UBrm , there is no difference between the product 
homomorphisms au and a# rm , so the both are denoted simply by a. 

For any Si, s 2 & S(Br m , U) we have 

s\ ■ s 2 = s 2 ■ ps(s 2 )(si) = As(si)(s 2 ) • si. (21) 

We say that an element b G Br m has i/ie interlacing number 1(b) = k 
if is the smallest number such that b is conjugated in B m to an 
element b G B^ q, b = gbg~ x . The element b will be called a standard 
form of 6. 

For each s G Su denote by B s the subgroup of Br m generated by the 
images a(ui), . . . , a{u n ) of the elements ui, . . . , u n of a factorization 
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s = u\ ■ ... ■ u n . It is easy to see that the subgroup B s of Br m does not 
depend on the presentation of s G Sy as a word in letters U{ G U . 
Associate to s G SB m one more group 

G(s) = G(W S ) = G(W(B S , F m )) ~ 

< xi, . . . , x m | ^ 1 b(x i ) = 1, z = 1, . . . , m, b G B s > . 

Claim 3.1. For si,s 2 G Ssr m 

(i) t/iere zs a natural C -epimorphism 

: G(s 2 ) -> • s 2 ) ~ C(s 2 )/iV G(s2) (^ 2 (W sl ); 

(ii) i/ s 2 = A(6)(si) ; i/ien t/iere zs a C -isomorphism ^ b : G(si) — > 
G(s2), in particular, if Si = s 2 then G(si) = G(s 2 ) and'ji = Id. 

Proof. Straightforward. □ 

Let a factor Ui of s = Ui ■ ... -u n have the interlacing number l{u.j) = 
and a standard form G Brk,o, Ui = g^g^ 1 . Denote by G Uit i oc a 
subgroup of G(s) generated by (fw s {9i( x j)), 3 — l,...,ki. It follows 
from (|2*T]) that for each factor Ui of s — u\ • ... • u n the subgroup G Uu i oc 
is defined uniquely up to conjugation in G(s). 

The embedding Br m = B mt0 C Br 2m induces an embedding 5s rm C 
SBr 2m - Consider the homomorphism sh = sh m : Br m — > Br 2m given 
by sh(cij) = a m+ i for i = 1, . . . ,m — 1. It induces an embedding sh : 

SBr m ^Bram- Put also 

'"m Cm,m ■■■ Cm,l G 5'_Br2 m ; 

where c mi j were defined in Applying formula ()20|). we obtain 
Full twist factorization formula for double number of strings. 

For four elements s%, . . . , S4 G Ss rm suc/i i/iai a(sj) = A^, £/ie element 

s = d(si, s 2 , s 3 , s 4 ) = s x • s 2 • sh(s 3 ) ■ sh(si) -r m -r m (23) 
is a factorization of A% m in SBr 2m > i- e -> a (X) — A\ m . 

If s\ = s 2 = S3 = S4 = s the doubling d(s, s, s, s) will be denoted 
simply by 

d(s) = d(s, s, s, s) = s ■ s ■ sh(s) • sh(s) • r m ■ r m . (24) 

and we put 

d n+1 (s) = d(d n (s)). (25) 

Claim 3.2. For s G SBr m such that a(s) = the groups G(s) and 
G(d(s)) are C -isomorphic. 

Proof. It follows from Claim H~T3l □ 
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Lemma 3.3. Let s G Sbt m be such that a(s) = A\,j. Consider an 
element g G Btm such that g(x 2 ) = Xi for some i < M. Put y = 
g{xi) G Wm and b = gaig^ 1 . Then 

(i) the C-group G = G(s) /Nc^i^Wsix^y)) is canonically C -isomorphic 
to G(s), where 

s = d(X s (b)(d(s)), d(s), d(s), d(s)). 

(ii) the C-group G = G(s) / Na( s )(<fw s ([ x iy])) is canonically C -isomorphic 
to G(s), where 

s = d{X s {b 2 ){d{s)), d(s), d(s), d(s)). 

If M = mk and the set of relations Rw s implies the relations R m odm 
in Wm, then the set of relations Rw_ (respectively, Rw ? ) implies the set 
of relations R m odm in W^m ■ 

Proof. By Claim the C-groups G(s) and G(d 2 (s)) are canonically 
C-isomorphic. By Claim ITTTIH the set of relations R W ( < b k >,w M ) * s ec L u i v_ 
alent to the single relation {x^y — 1} if k = 1 and = 1} 

if k = 2. By Claim 13. 1[ the C-group G is canonically isomorphic to 
G(b-d 2 (s)) and the C-group C is canonically isomorphic to G(b 2 -d 2 (s)). 
Put 

s' = d(s) ■ sh 2M (d(s)) ■ sh 2M (d(s)) ■ r 2M • r 2M - 

The element 

b k ■ d 2 (s) = b k ■ d(s) ■ s' = X s (b k )(d(s)) -b k -s' = 
\ s (\s(b k )(d(s)))(b k ) ■ \s(b k )(d(s)) ■ s> = 

b k -xsm(d(s)). S ' = {l;% k = = \ 

since 

a(d(s)) = a(X s (b k )(d(s))) = A 2 2M 
and the elements b k and A\ M commute in Bt 2 m- Therefore, by Claim 
13.11 there are the canonical epimorphisms t/>& : G(s) — > G and ?/V : 
G(s) — > G. On the other hand, the factors d(s)-sh 2M (d(s))-sh 2M (d(s))- 
r 2 M ' r 2 M of the element s give the same set of relations as the el- 
ement d 2 (s) gives. In particular, these relations imply the relations 
{xM+i = Xi} G RmodM m IF4M and, moreover, if the set of rela- 
tions Rw s implies the relations R mo dm in ^m, then the set of relations 
R\Vs (respectively, Rw^) implies the set of relations Rmodm in F 4 m- 
The factor X s (b k )(c M ,i) = b k c M ,ib~ k of X s (b k )(d(s)) gives the relation 
x M +i = bc M ^b- 1 (x M +i) in G(s) if k = 1 and x M+i = b 2 c M ^ 2 (x M +i) 
in G{s) if k = 2. But 

b k c M ,ib~ k {x M +i) = b k c M ,i{xM+i) = b k (xi). 
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For k = 1,2, we have b(xi) = y and b 2 (xi) = yxiy^ 1 . The relations 
{x M +i = y} (respectively, {x M +i = yxiy' 1 }) and {x M+i = x { } imply 
the relation x^ — y in G(s) (respectively, {[xi, y] = 1} in G(s)). There- 
fore the canonical epimorphisms ipb '■ G(s) — > G and ipb 2 '■ G(s) — > G 
are C-isomorphisms. □ 
Consider subclasses C&2 mi m G N, of the class C consisting of C- 
groups which are C-isomorphic to C-groups possessing C-presentations 
of the form 

G =< xi, . . . ,x m | x~ l Wij, k (x)~ 1 XjW itj ,k(x) = 1, Wi^ k {x) eW > 

for some finite set W C F m such that the words [x' 1 , x\ . . . x m ] belong 
to W for all i = 1, . . . , m. Put 

^a 2 = [J C A 2 jm . 

meN 

Claim 3.4. Let s G S < B rm fre such that a(s) = Aj^, then the C-group 
G(s) G C^2 m . In particular, for s = A^ the group G(A 2 n ) possesses 
the C -presentation 

G{A 2 m ) =< x l7 ...,x m | [xj l , X! . . . x m ] = 1 for i = 1, . . . , m > 

Proof. We have A^(xj) = (x\ . . . x m )xi(xi . . . x m )~ l . Therefore, the 
relations [x^~ , x\ . . . x m ] = l,i = l,...,m, belong to the set of relations 
in presentation (|2*2*|) . since a(s) = A^. □ 
Denote by Dk <m , k < m, the full set of conjugates of the elements a± 
and A 2 k in Br m . Put T>k, m = S(Br m ,D h>m ). 

Theorem 3.5. Let a C-group G G Ca 2 ,™- Then there isMeN and 
an element s G T> nhM such that 

(i) a(s) = A 2 M ; 

(ii) G and G(s) are C-isomorphic. 
Proof. Let 

G =< xi,...,x m | x^Wij^^x-jWij^x)" 1 = 1, w i7j)k (x) G W >, 

for some finite set W C F m such that the words [a;" 1 , X\ . . . x m ) belong 
to W for all i — 1, . . . , m. 

Numerate the words w (z W so that the word [x^ , X\ . . . x m ) has the 
number %. Denote by G n = ¥ m /N n , where N n is the normal closure 
of the set of words W n = {w\, . . . , w n } in F m . For each n > m we 
construct an element s n G T> m ,u n such that 

(1) a(s n ) = A 2 Mn] 

(2) G n and G(s n ) are C-isomorphic. 



DOUBLING FORMULA 



25 



We start with M m = m and s m = G T> m>m . By Claim G m 
and G(s m ) are C-isomorphic. 

Assume that for some k > and p > we have constructed an 
element s m+k G V mMm+k , where M m+fc = 2 p m, such that 

(1) a(s m+fc ) = A 2 Mm+k , 

(2) G m+ fc and G(s m+ fc) are C-isomorphic, 

(3) the set of relations Rw Sm+k implies the relations R mo dm- 
Construct an element s m+ k+i having the similar properties as s m+k has. 
Put n = m + k and consider the word 

Let I be the letter length of the word w in j n ^ n - Consider the element 
s n = d l+2 (s n ). By Claim ITTTB*! the sets of relations Rw an an d Rw dl+2{ 
are equivalent. Note that a(d l+2 (s n )) = A 2 l+2M and condition (3) is 
also realized for the element s" n = d l+2 (s n ). Put 

By Claims 11.71 and there is an element b G Br 2 i+2M n conju- 

gated to the standard generator a\ and such that the set of relations 
,F 2 ;_|_2 M ) is equivalent to the single relation %i n +2 l + 1 M n Vn- 
Applying Lemma f3.3l (i). the element 

d(X s {b){d{s n )), d{s n ), d(s n ), d{s n )) 

is a desired one which completes the proof of the Theorem. □ 

4. Weak ^-equivalence 

Denote by = Ai(m) the full set of conjugates of the element 
a^ +1 in Br m , where {ai, . . . , a m _i} is a set of standard generators of 
Br m (recall that all generators a±, . . . ,a m _i are conjugated to each 
other in Br m ), and put Ak = S(Br m , A< k ), A® = S(Br m , A< k ), where 
A< k = A_ 3 U (uf = _ 1 A i ) and A% k = Uf =0 A. We have the embedding 
Afc c A k - 

Below, we restrict our consideration to the case k = 2. The semi- 
group A® is called the braid monodromy cuspidal factorization semi- 
group and A2 the braid monodromy cuspidal factorization semigroup 
with negative nodes. 

Let U C Br m be a full set of conjugates containing A2 U A-3. Note 
that if g G A\ then g^ 1 G A^. Consider a semigroup 

Su = (ueU) I ReTZUTZ), 
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where 7Z is the set of relations defining Su (see section EJ) and 
n = {g-(g- 1 ) = (g- 1 )-g = l \ g e A 1 } 

is the set of cancellation relations. There is the canonical homomor- 
phism of semigroups 

c : S v -> S v . 

We say that two elements si, s 2 G S[/ are weakly equivalent if c(si) = 
c(s 2 ). It is easy to see that Su can be considered as a semigroup 
over -Br m with the product homomorphism a : Su — > -Br m such that 
a = a o c. 

Let (s,/i s ) be a pair consisting of s G <S[/ and a homomorphism 
// s : G(s) — > 6^ to the symmetric group (5jv for some AT. We say that 
two pairs (si,/i Sl ) and (s 2 , fi S2 ) are equivalent if si and s 2 belong to the 
same orbit under the conjugation action of Br m on Sjy (i.e., there is 
b G £>r m such that s 2 = A(6)(si)), and // 2 = A*i °7b, where 7& is defined 
in Claim ETT1 

Two pairs (si,/i Sl ) and (s 2 ,/i S2 ) is said to be obtained by admissible 
transformation from each other (notation: (s\, fi Sl ) (s 2 , fi S2 )) if there 
is g G Ax such that s 2 = g ■ (g -1 ) ■ Si, yUi = ipg-tg- 1 ) ° A*2, and the order of 
the group fi S2 (G gt i oc ) is greater than two. We say that two pairs (s 1 , /v) 
and (s",fi s /r) are weakly ^-equivalent if there is a sequence of pairs 
(si,/ii), . . . , (s n ,fx n ) such that (s',/v) = (s",/i s ») = (s n ,/v), 

and for each z = l,...,n — 1 the pairs (si,/ii) and (si+i, A*i+i) are 
either equivalent or can be obtained from each other by an admissible 
transformation. 

Below, we consider the case then U = A 2 . Let s — u\ • ... • u n G A 2 , 
Ui G A< 2 . We say that a homomorphism fi s : G(s) — > (5jv is generic if 

(i) /i s is an epimorphism, 

(ii) fi s ((p s (xi)) is a transposition in 6^ for each C-generator (p s (xi) 
of the group G(s), 

(iii) the order of the group n s {G Ui ,ioc) is greater than two for each 
factor Ui G A_ 3 U A x U A 2 . 

Let (s, /i s ) be a pair consisting of s G *4 2 and a homomorphism 
fi s : G(s) — > & jy for some N. By Claim COl there is the canonical 
C-isomorphism ipd : G(d(s)) — > G(s). It defines the pair (d(s) , d(fi s )) , 
where d(/i s ) = fi s o i/; d . 

Claim 4.1. Let s G A 2 and fi s : G(s) — > ©at fre a generic epimorphism. 
Then the homomorphism d(fi s ) : G(d(s)) — > (5 at zs generic. 



Proof. Straightforward. 



□ 



DOUBLING FORMULA 



27 



Theorem 4.2. Let s = u\ ■ ... ■ u n G A2 C Ssr m , Ui G ^4<2 ; suc/i 
i/jcrf a(s) = A 2 ^, and fi s : G(s) — > &n be a generic epimorphism. Let 
Xi be a generator of ¥ m and y be an element conjugated in ¥ m to a 
generator Xj for some j such that fi s (f s (xi)) and fi s (<p s (y)) are two 
different commuting transpositions in &n- Then there are M G N and 
two pairs (s, /%) and (s, /i^), sjG^C ^Br M , such that 

(i) a(s) = a(s) = A 2 M , 

(ii) Gs is C -isomorphic to G(s) and Gs is C -isomorphic to the C- 
group G(s)/{[ip s (xi),ip s (y)] = 1}, 

(iii) if [ip s (xi), f s (y)] 7^ 1, then the types ofs and s are different, 

(iv) fi-g and [1$ are generic epimorphisms onto &n, 

(v) the pairs (s, /%) and (s, fis) are weakly \i- equivalent. 
Moreover, if s G A® C S^r™ , then s, s G A° 2 C Sbt m ■ 

Proof. By Claims IT71 Ol fTTTl and0~H there are 

(1) M l = 2 n m (for some n G N), 

(2) an element ?/i G which is a move apart of the element y 
such that (yi, Xk) is a good pair for some k = i mod m, 

(3) an element Si = d n (s) G A2 C £,Br A/l such that fi s (xi) = 
fJ>si{xk), ^s{y) = Msi(yi), where /x ai = t2 n (// s ). 

By definition of the good pairs, there is an element g G Brj\j 1 such 
that g(xi) = yi and g(x k ) = x 2 . Put b = gaig^ 1 G Br Ml , s = d 2 (si), 
and ? = d(Xs(b 2 )(d(s)),d(s),d(s),d(s)). By Claim l4~T| the groups 
G(s) and are canonically C-isomorphic. Therefore the generic 

epimorphism fi s induces a generic epimorphism fig : G(s) —>■ &n. By 
Lemma 13.31 (ii) (see its proof), the groups G(s) and G(b~ 2 ■ b 2 ■ s) 
are canonically C-isomorphic to C(s) / 'NQ(^){<Pw T {[ x j ? Hi})) , where s = 
d(\s{b 2 )(d(si)),d(si),d(si),d(si)). Therefore these isomorphisms in- 
duce generic epimorphisms fib- 2 -b 2 s '■ G{b~ 2 ■ b 2 ■ s) — > &n and /ij : 
G(s) — > &n- We have (s, /%) <->• (6 -2 ■ 6 2 ■ s, fi b -2. b 2.g), the pairs 
(6~ 2 -5 2 -s, fi b -2. b 2.-g) and {b~ 2 -b 2 -l3, ji b -2. b 2.g) are equivalent, and {b~ 2 -b 2 • 
s, jj, b ~2. b 2.g) «-> {s^n~). Therefore the pairs (s, /%) and (s, //j) are weakly 
^-equivalent. This completes the proof of Theorem 14.21 □ 

5. HURWITZ CURVES 

Let Fjv be a relatively minimal ruled rational surface, iV > 1, pr : 
F/v — > CP 1 the ruling, R a fiber of pr, and En the exceptional section, 
E N = —N. Below, we will identify pr : F\ — > CP 1 with a linear 
projection pr : CP 2 — > CP 1 with center at a point p G CP 2 (jp is the 
blow down E\ to the point). 
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Definition 5.1. The image H = f(S) C Fn of a smooth map f : S — > 
Fn \ En of an oriented closed real surface S is called a Hurwitz curve 
(with respect to pr) of degree m if there is a finite subset Z C H such 
that: 

(i) / is an embedding of the surface S\f~ 1 (Z) and for any s ^ Z, 
H and the fiber Rpr( s ) of pr meet at s transversely and with 
positive intersection number; 

(ii) for each s G Z there is a neighborhood U C Fn of s such that 
HC\U is a complex analytic curve, and the complex orientation 
of H PI U \ {s} coincides with the orientation transported from 
Sbyf; 

(iii) the restriction of pi to H is a finite map of degree m. 

For any Hurwitz curve H there is one and only one minimal Z C H 
satisfying the conditions from Definition 3.1. We denote it by Z(H). 

A Hurwitz curve H is called cuspidal if for each s G Z(H) there is a 
neighborhood U of s and local analytic coordinates z, w in U such that 

(iv) prp is given by (z, w) i— >• z; 

(v) H fl U is given by w 2 = z k , k ^ 1. 

It is called ordinary cuspidal if k < 3 in (v) for all s G Z(H), and 
nodal if k < 2. Below, we will consider Hurwitz cuspidal curves H with 
negative nodes allowing H to have also singularities of the following 
form: 

(vi) in a neighborhood U C F^ of a point s G H the intersection 
U H splits into two branches meeting transversally at s with 
negative intersection number and meeting transversally the fi- 
bre .Rpr(s) with positive intersection number. 

Since E^ H H = 0, one can define a braid monodromy factoriza- 
tion bmf(H) G .S^r™ of as in the algebraic case (see, for exam- 
ple, [Kh-Ku] ). To do this, we fix a fiber meeting transversely 
H and consider the affine Hurwitz curve H = H fl C 2 , where C 2 = 
F N \ (Roo U En). Choose r >> 1 such that pr(Z) belongs to the disc 
D(r) = { | z |< r } C C = CP 1 \ pr^), Z = Z{H). Denote by 
Zi, . . .,z n the elements of pr(Z). Pick e, < £ << 1, such that the 
discs Di[e) = {z G C | | 2r — Z{ \< s }, i = 1, . . . , n, are disjoint. Se- 
lect arbitrary points U{ G dD^e) and a point u G dD{r). Choose 
disjoint simple paths k C -D(r) \ IJ^D^r), i = l,...,n, starting at 
Uq and ending at Ui and renumber the points in a way that the prod- 
uct 71 . . . 7„ of the loops 7$ = ij o dDi(e) o l~ x is equal to dD(r) in 

7Ti(D(r) \ . . . ,2„},M ). 
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Each 7j, lifted to H, defines an element bi G Br m . The factorization 
bi ■ . . . ■ b n G S'b^ is called a frrazd monodromy factorization of /J. In 
fact, each 6j is conjugated to a braid monodromy standard form of some 
algebraic germ over Zi or bi G A_3 if the corresponding singularity of 
H is a negative node. Hence, bmf(H) — b% • . . . • b n belongs to V = 
S(Br m , P U A-.3), where P is the set of all braid monodromies of the 
germs of plane algebraic curves of degree m. The orbit of bmf(H) under 
the conjugation action of Br m on V is called the braid monodromy 
factorization type of H and denoted by bmt(H). 

If H is an ordinary cuspidal Hurwitz curve with negative nodes, then 
its braid monodromy factorization bmf(H) G A 2 . 

The following lemma is well known (see, for example, |Kh-Kuj ). 



Lemma 5.2. For a Hurwitz curve H C Fn of degree m, we have 

a(bmf(H)) = Al N . 

The converse statement can be also proved in a straightforward way. 

Theorem 5.3. ( |Moi2j ) For any b — bi ■ . . . ■ b n G V such that a(b) = 
A^f there is a Hurwitz curve H C F^ with a braid monodromy factor- 
ization bmf(H) equal to b. 

Definition 5.4. Two Hurwitz curves Hi and H 2 C are called H- 
isotopic if there is a fiberwise continuous isotopy 4>t '■ F*n ~^ Fn, t G 
[0,1], smooth outside the fibers R pr ( s ), s G Z{H\), and such that 

(i) 0o = Id; 

(ii) <J) t (Hi) is a Hurwitz curve for all t G [0, 1]; 

(iii) MHi) = H 2 ; 

(iv) <fi t = Id in a neighborhood of for all t G [0, 1]. 

By Theorem 3.2 in |Kh-Kuj . two cuspidal Hurwitz curves with neg- 
ative nodes are if-isotopic if and only if they have the same braid 
monodromy factorization type. 

Obviously, if Hi and H 2 are if-isotopic, then the fundamental groups 
7Ti(-F/v \ ^1) and tii(Fn \ H 2 ) are isomorphic. 

Consider two sections Hi = {u + 1 = 0, v = 0} and H 2 = {u = 
0, v = 0} of the projection pr x : D — > D x of a bi-disc D = D x x D 2 , 
where Di = {^/x 2 + y 2 < 2} and D 2 = {y/u 2 + v 2 < 2}. Let h t be an 
isotopy of Hi given by equations 

u + 1 + 2t p(y/x 2 + y 2 )(y + x 2 - 1) = 0, 
v - tXpi^/x 2 + y 2 )y = 0, 
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where p : R — > R is a monotone C°°-function such that p(s) = if 
s > 2 and p(s) = 1 if s < 1 and A is a small positive constant. It is 
easy to check that 

(1) h t (Hi), < t < 1, and if 2 are symplectic curves in D with 
respect to the symplectic form lu — xAy + uAv; 

(2) the sections h t (Hi) and H 2 have no common points if < t < 

1/2; 

(3) the section ht{H\) meets H 2 transversally at two points with, 
respectively, positive and negative intersection numbers if 1/2 < 
t < 1. 

We say that the "regular homotopy" h t (Hi) U H 2 is the creation of 
negative node. The converse homotopy is called the cancellation of 
negative node. 

Two Hurwitz curves H' and H" C Fn are said to be obtained from 
each other by an admissible transformation if there is a neighborhood 
U C Fn diffeomorphic to the bi-disc D = D\ x D 2 with local analytic 
coordinates z = x + iy and w — u + iv such that pr^ = pr x : D — > D\, 

H' n U = {u + 1 = 0, v = 0} U {u = 0, v = 0}, 

H" n C/ = {u + 1 + 2{y + x 2 - l)p = 0, v - py = 0} U {u = 0, v = 0}, 

and H' n (Fjv \ Z7) = #" n (Fjv \ U)._ 

It is easy to see that if H' and H" C -F/v are obtained from each 
other by the above admissible transformation, then 

bmf{H") = g ■ (g- 1 ) ■ bmf(H') (26) 

for some g G A\. 

We say that H' and H" C F N are weakly equivalent if there is a 
sequence of Hurwitz curves Hi, i = 1, . . . ,n, such that jH"' = Hi, 
H" = H n , and for each i = 1, . . . , n — 1 the Hurwitz curves Hi, H i+ i 
either are if-isotopic or are obtained from each other by an admissible 
transformation. 

Claim 5.5. Two cuspidal Hurwitz curves H' and H" C Fn (possibly 
with negative nodes) are weakly equivalent if and only if their braid 
monodromy factorizations bmf(H') and bmf(H") are weakly equiva- 
lent. 



Proof. It follows from (J26)) and Theorem 3.2 in |Kh-Kuj . □ 



Note that if two cuspidal Hurwitz curves H and H" C Fn are weakly 
equivalent then it is not necessary that their fundamental groups iti(Fn\ 
H') and 7Ti(F^ \ H") are isomorphic. 
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6. Fundamental groups of the complements of Hurwitz 

curves 

The following theorem is well-known. 
Zariski — van Kampen Theorem. Let H C be a Hurwitz curve 
of degree m having braid monodromy factorization s = bmf(H). Then 

(i) the fundamental group 

tt 1 {C 2 \H)~G{B s ), 

where C 2 = F N \ (E N U R^). 

(ii) the fundamental group 

vr^CP 2 \ H) ~ G(B s )/{(p Ws {x\ ...x m ) = 1}. 

In the case N — 1, since a(s) = A^ for s = bmf(H) , we get that 
the relations 

[x^ 1 , xi . . .x m ) = 1, i = 1, . . . , m (27) 

belong to the set of defining relations of presentation (}2*2*|) . 

Denote by Ti. the subclass of C consisting of the fundamental groups 
of the complements of the affine plane Hurwitz curves, i.e., 

H = {ti 1 (CF 2 \(HUR 00 ))} } 

where is a generic line of the pencil defining the ruling pr : CP 2 — > 

CP 1 

Theorem 6.1. H = C A 2. 

Proof. The inclusion H C Ca2 follows from (|2*2*jl , (|2T|) , and Claim 11.61 
The reverse inclusion follows from 

Theorem 6.2. For any C -group G G Ca 2 ,™ there is a Hurwitz curve 
H C CP 2 with the singularities of the type {w m = z m } such that 7ii(C 2 \ 
H) is C -isomorphic to G, where C 2 = CP 2 \ R^ and H = H n C 2 . 

Proof. The braid monodromy of the singularity {w m = z m } is equal to 
A 2 ^. Therefore Theorem l6.2l follows from Theorems l3.5l and l5.3l □ □ 
Denote by T the subclass of /C of the torus knot groups, that is, the 
fundamental groups ni(S 3 \ K pq ) of the knots 

K M = {(z,w) G S 3 | z = e 2pnit , w = e 2qmt , t G [0, 1]} 

(p, q are co-prime, possibly p = q = 1), where 

S 3 = {(z,w) G C 2 | \z\ 2 + \w\ 2 = 2}. 

Theorem 6.3. H n /C = T. 
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Proof. Let H C CP 2 be a Hurwitz curve of degree m and G the fun- 
damental group 7i"i (C 2 \ if) of the complement of its affine part H C 
C 2 = CP 2 \i?oo. It follows from (|2Tj) that the element 99^(^1 • • • x m ) be- 
longs to the center of the group G. Therefore, by Theorem 6.1 |Bu-Zij . 

n n K c r. 

The knot group G Pig of the knot K PtQ has Wirtinger presentation 
G Pi9 =< xi, . . . ,x p I Xi = (ai . . . a p _i) 9 (xi), i = l, ...,p>. 
We have 

(a 1 ...a p _ 1 )*' = Aj». 

Therefore there exists a Hurwitz curve if C F q of degree p with 
braid monodromy factorization bmf(H) = s p G 5*B rp , where s = 
(ai . . . ap-i) 9 is one of the generators of SW (the braid monodromy 
of the singularity given by the equation w p = z q ). By Zariski - van 
Kampen Theorem, its fundamental group 

tti(<C 2 \ H) ~ Gp,qi 

where H = C 2 OH and C 2 = F q \ Roo, and Roo is a fibre of pr meeting 
H transversally. 

As is known, see for example Mo i-Tej . 

aj +1 = n n^= A sn & u ; 

l=p+l k=l k=l 

where 6^,; = • • • • • • fl/t+i) -1 for k < I (the notation 

Yil states for from the left to the right product from k to n). 
Put 

p 

fc=l 

where the product is taken in Sb Tp+ i ■ The element s p ■ s\ G SBr p+1 
is a braid monodromy factorization of a Hurwitz curve in F q , since 
a(s p ■ s^) = A 2 ,^. It is easy to see that this curve splits into two 
components one of which is ii-isotopic to H and another one is a 
section C disjoint with E q , bmf(H U C) = s p ■ s\. The curves H and 
C meet transversally. Without loss of generality, we can assume that 
C C F q is an algebraic section. It follows from the view of the braid 
monodromy factorization bmf(H U C) = s p ■ s\ that the fundamental 
group 7T!(C 2 \(iiUC)) is canonically C-isomorphic to the direct product 

G M x Fx ~ 

<xi,...,x p I Xi = (ai . . . a p _i) 9 (xj), i = 1, . . . ,p > x < x p+1 > 
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(the factor Fi =< x p+ i > corresponds to the fundamental group 7Ti(C 2 \ 
C)). 

Choose non-homogeneous coordinates (u, v) in C 2 = F q \ (E q U Roo) 
such that u = is an equation of C = C fl (F q \ (E q U Roc)), and 
coordinates (z,w) in the complement of some line L = C CP 2 . 
Let / : CP 2 -> F q be the cyclic (rational) covering of degree p given 
by z = u q , w = v. It is branched along C U E q . Put H = / _1 (if) 
and C = F- l (C). We have = /^(i^ U E q ), H is a Hurwitz 
curve of degree pq, and C is a line in CP 2 meeting H transversally. It 
is easy to see that /* gives the isomorphism of 717 (C 2 \ (H U €)) and 
G Pt gX < Xp +1 >, where < x q p+1 > is generated by a circuit around C. 
Therefore the canonical epimorphism 

^ : 7T!(C 2 \ {H U C)) -> TT^C 2 \ i?) 

having ker-0 =< > gives an isomorphism between 7Ti(C 2 \/f) and 
G Pt q. □ 

7. Symplectomorphisms of generic coverings of the plane 

An algebraic ramified covering of CP 2 is a finite holomorphic map 
/ : X — > CP 2 of a normal projective irreducible complex surface X to 
the projective plane. The ramification divisor R C X is the divisor of 
the jacobian of / (the multiplicity of R is the local degree of / minus 
1). The branch curve H C CP 2 is the image of the support of R or, in 
other words, the set of points over which / is not locally invertible. 

The fundamental group tti = ^(CP 2 \ H,p) of the complement of 
H, where p G CP 2 \ H, acts on the fibre f~ 1 (p)- Thus, a homomor- 
phism (monodromy of degree N = deg /) ~Ji = ~p{f) '■ 7Ti — ► &n from 
71"! to the symmetric group &n is well-defined. The monodromy Jl is 
determined by / uniquely up to inner automorphism of the symmetric 
group. Conversely, by Grauert - Remmert theorem ( |Gr-Rj ) . a homo- 
morphism fx : tti — » & n the image Im fi of which acts transitively on a 
set consisting of iV elements is the monodromy of some finite morphism 
/ : X -> CP 2 of deg f = N. 

To describe the fundamental group of the complement of a curve H of 
deg H = m, we fix a point p G CP 2 \ H , choose a point x G H\ Sing H, 
and consider a projective line II = CP 1 C CP 2 meeting H transversally 
at x. Let r C II be a circle of small radius with center at x. The 
complex orientation on CP 2 defines an orientation on T. Let 7 be a 
loop consisting of a path L in CP 2 \ H, joining p with a point q G T, 
the loop T (with positive direction) starting and ending at q, and a 
return to p along L in the opposite direction. Such loops 7 (and the 
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elements in 7Ti corresponding them) are called geometric generators of 
the fundamental group 7Ti = iti(CF 2 \H, p). It is well-known that 7Ti is 
generated by the geometric generators, and if H is an irreducible curve 
then any two geometric generators are conjugated in 7Ti. 

For each singular point s« of multiplicity ki of the curve H, let us 
choose a small neighborhood Ui C CP 2 such that H D C/j is given (in 
local analytic coordinates in [/;) by Weierstrass equation 



(in particular, w 2 = if is a cusp and u> 2 = z 2 if is a node). 
Let pj be an arbitrary point in Ui \ H . Recall that if Sj is a cusp then 
7Ti(L/j \ S,pi) is isomorphic to the braid group Br 3 on three strings 
and generated by two geometric generators (say, a\ and a 2 ) satisfying 
the relation aia 2 ai = a 2 aia 2 , and if is a node then 7Ti(C/j \ H,pi) 
is isomorphic to Z © Z and generated by two commuting geometric 
generators. 

Choose smooth paths Li in CP 2 \ H, connecting the points pi with 
p. This choice defines homomorphisms ipi : 7Ti (L^ \ H,Pi) — > 7Ti. We 
call ipi(ni(Ui \ H,Pi)) = G{ the local fundamental group of the singular 
point Sj. The local fundamental groups Gj depend on the choice of the 
paths Li and therefore are defined uniquely up to conjugation in 7Ti. If 
bmf(H) — s — Ui • ... • u n e •S'Br™ and the factor -Uj corresponds to the 
singular point Sj of H, then, in view of Zariski - van Kampen Theorem, 
the group Gi coincides (up to conjugation) with the image of G Ui j oc 
under the natural epimorphism r : G(B S ) — > G(B s )/{ipw a ( x i--- x m) — 
1}. The monodromy ~p : n 1 — > & N of a generic covering / : X — > CP 2 
branched along defined a homomorphism /x : G(s) — > ©at, where 
H = ]Jor and s = bmf(H), which we also call the monodromy of /. 

A finite morphism / : X — ► CP 2 , deg f = N, ramified over a cuspidal 
curve 5" is called a generic covering of the plane with discriminant curve 
H if the monodromy p, of / is a generic epimorphism, i.e., it satisfies 
the following conditions: 

(i) p is an epimorphism, 

(ii) the image p{j) of each geometric generator 7 is a transposition 



(iii) the images p{Gi) of the local fundamental groups Gi corre- 
sponding to the singular points of H are subgroups of & N of 
orders greater than 2. 



fci-i 




i=o 



in © 
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The last condition is equivalent to the condition that X is a non- 
singular algebraic surface (see, for example, |Kuj ) . Note that if H 
is the discriminant curve of some generic covering, then its degree is 
an even number. For a generic covering /, the total transform f*(H) 
splits in the sum f*(H) = 2R + C, where R C X is the ramification 
divisor of / having ramification multiplicity equal to two and C is a 
reduced curve in which / is not ramified. The restriction ftR to R is a 
morphism of degree 1. 

In the symplectic case, by an observation of Gromov, the discus- 
sion of generic coverings of the plane given in terms of monodromies 
of generic coverings can be generalized to the symplectic situation as 
well (see Lemma 1 in |Goj and Proposition 10 in |Auj for more details). 
Firstly, given a cuspidal symplectic surface H (possibly with negative 
nodes) in CP 2 and a generic epimorphism (monodromy) ~p of the funda- 
mental group of its complement onto &n, one can construct a smooth 
ramified covering / : X — > CP 2 of degree N branched over H. The 
preimage of the symplectic form vanishes on the normal bundle to the 
ramification surface R C X and at the preimages of cusps in R. How- 
ever, it is possible to add an exact 2-form rj e A 2 (X) so that /*cucp 2 +V 
is symplectic. A subtle point is that, although there is no canonical 
way to lift the symplectic form to X, the resulting symplectic structure 
is defined canonically by a Moser-type argument. 

We state the result in the form of a lemma. 

Lemma 7.1. Suppose that H C CP 2 is a cuspidal symplectic surface 
(possibly with negative nodes) and ~jj : 7Ti(CP 2 \ H) — > & n is a generic 
monodromy. Then there exists a unique symplectic four-manifold X 
with a smooth map f : X — > CP 2 branched over H as described above 
such that the symplectic structure on X is the pull-back of the standard 
symplectic structure on CP 2 . 

Clearly, given a symplectic isotopy H t , t e [0, 1], of cuspidal symplec- 
tic surfaces such that there exists an epimorphism ~p : ^(CP 2 \ H ) — ► 
&n, we obtain a family of symplectomorphic symplectic 4-manifolds 
X t . (Recall that, by the definition of isotopy, the topology of CP 2 \ H t 
remains unchangeable.) Applying similar arguments as in |Kh-Kuj . one 
can show that any cuspidal symplectic surface with negative nodes in 
CP 2 is symplectically isotopic to a cuspidal symplectic Hurwitz curve 
with negative nodes. So in symplectic case to investigate generic cov- 
ering of CP 2 branched along a cuspidal symplectic surface H, we can 
restrict ourselves to the case when H is a Hurwitz curve. 

Consider two generic coverings /' : X' — > CP 2 and /" : X" — > CP 2 
of degree N branched, respectively, along cuspidal Hurwitz curves 
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(possibly with negative nodes) H' and H" . Let s' = bmf(H') and 
s" = bmf(H") be braid monodromy factorizations of H' and H", and 
/' (respectively, /") defined by the monodromy fjf : G(s') — > &n (re- 
spectively, /i") We say that H' and H" are weakly n~ equivalent if the 
pairs (s',fi s r) and (s",/i s ») are weakly /^-equivalent. 

Lemma 7.2. Let two Hurwitz curves H' and H" be the branch curves 
of two generic coverings f and f" of the plane. If H' and H" are 
weakly \x- equivalent, then there is a symplectomorphism h : X' — > X" 
such that the coverings f and f" o h are regular homotopic. 

Proof. It follows from the definition of weak /z-equivalence Claim 15.51 
and Theorem 3.3 in |Kh-Kuj . □ 
In algebraic case, if (X, L) is a polarized projective surface, that is, L 
is an ample line bundle on X, then, for sufficiently large k, the sections 
of L® k define an embedding of X into some projective space CP r . The 
restriction of a generic projection CP' r — > CP 2 gives rise to a generic 
ramified covering : X — > CP 2 with branch curve Hf.. Observe that 
the degree of this covering equals fc 2 degL = k 2 ci(L) 2 . The space of 
generic projections is path-connected and therefore we can give the 
following definition. 

Definition 7.3. The k-th braid monodromy invariant fik{X,L) of the 
polarized complex surface (X, L) is the type of the braid monodromy 
factorization of Hk- 

The polarization canonically defines a symplectic structure w^, on 
X. To see this, pick a positive (1, l)-form representing the first Chern 
class C\(L) G H 2 (X, Z). Every two such forms can be joined by a linear 
homotopy, hence they are diffeomorphic by Moser's theorem. 

Theorem 7.4. Let (X, L) and (X', V) be polarized projective surfaces. 
Suppose that ^k(X, L) = fik{X\ L') for some k such that k 2 c\(L) 2 ^ 12. 
Then (X,ul) and (X 1 ',ujl') are symplectomorphic. 

Proof. By assumption, the branch curves H and H' of generic projec- 
tions onto CP 2 , defined by sections of L® k and (L')® fc , respectively, 
have the same type of braid monodromy factorizations. Thus, by The- 
orem 3.3 in |Kh-Kuj . H and H' are symplectically isotopic as cuspi- 
dal Hurwitz curves. By virtue of Theorem 3 in |Ku2j . there exists a 
unique generic monodromy \i : 7Ti(CP 2 \ H) — > &n for N = k 2 c\[L\) 2 . 
Therefore, by Lemma f7. 11 we have a unique family of symplectic ram- 
ified coverings of CP 2 connecting X and X' . It follows from Moser's 
theorem that X and X' are symplectomorphic with the pulled back 
symplectic structures. However, these pull-backs are proportional to 
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the symplectic structures defined by the polarizations with the same 
coefficient k, which completes the proof. □ 

Let (X, lo) be a compact symplectic 4-manifold with symplectic form 
uj whose class [uj] 6 H 2 (X,Z). Fix an tu-compatible almost complex 
structure J and corresponding Riemannian metric g. Let L be a line 
bundle on X whose first Chern class is [u\. By |Auj . for k » 0, the line 
bundle L® k admits many approximately holomorphic sections so that 
one can choose three of them which give an approximately holomorphic 
generic covering f k : X — > CP 2 of degree X& = k 2 uj 2 branched alone 
a cuspidal Hurwitz curve H (possibly with negative nodes). Denote, 
as above, by bmf(Hk) = Sk a braid monodromy factorization of the 
Hurwitz curve H\~ and fik '■ G(B Sk ) — > the monodromy of fk- 

Definition 7.5. The k-th braid monodromy invariant JI k (X,uj) of a 
symplectic ^manifold (X,uj) is the pair (bmf(Hk),fik)- 

Theorem 7.6. ( |Au-Kaj ) If two symplectic J^-manifolds (X', u/) and 
(X", uj") are symplectomorphic, then, for k sufficiently large, the braid 
monodromy invariants Hk{X',uj') and Hk{X", uj") are weakly ^-equiva- 
lent. 

Weak equivalence appears in this statement, since the construction 
of an isotopy of the coverings depends continuously on a choice of 
tamed almost complex structures. Therefore, for symplectomorphic 4- 
manifolds, we obtain a "regular homotopy" of branch curves, which 
leads to the weak /^-equivalence of their braid monodromy factoriza- 
tions. The following statement shows that in general case we can not 
avoid the appearance of negative nodes. 

Theorem 7.7. For any N > 4, there are two isotopic generic coverings 
fx : X — > CP 2 and f 2 :X^> CP 2 of degree N branched along cuspidal 
Hurwitz curves Hi and H 2 without negative nodes such that 

(i) Hi and H 2 have different braid monodromy factorization types; 

(ii) The pairs (bmf(Hi), fii) and (bmf(H 2 ), /x 2 ) are weakly fi-equi- 
valent. 

Proof. Let H^ be the branch curve of a generic linear projection pr : 
X N — > CP 2 of a smooth projective surface X N C CP 3 of degX^v = X. 
Denote by m = X(X — 1) the degree of Hn and s = sn = bmf{H^) 
its braid monodromy factorization. The projection pr defines a generic 
epimorphism (monodromy) fi = /xjv : G(B S ) — > ©at. By |Moilj . the 
C-group 

G{s) = G(W(B„W m ))~ m 
< xi, . . . , x m | x i l b{x{) = 1, i = 1, . . . , m, b e B s > 
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is C-isomorphic to the braid group Br^ and /x coincides with canonical 
epimorphism cr : Br N — > & N with the group of pure braids as its 
kernel. Without loss of generality, we can assume that (p s (xi) — a\ G 
-Brjy. Since /x is an epimorphism, there is an element y conjugated 
in F m to some generator Xi such that <p s (y) = a 2 2 a^,a\. Note that 
[ip s (xi),ip s {y)] ^ 1 in -Br^v, but //(^ s (xi)) = (1,2) and n{^ s {y)) = (3,4) 
are two different commuting transpositions in &n- Then, by Theorem 
14.21 there are M G N and two pairs (s, /%) and (s, /xj) , s, 's E A2 C 

Sbtmi SUCn that 

(1) a(S) = a(S) = AL, 

(2) is C-isomorphic to C(s) ~ -Brjy and is C-isomorphic to 
the C-group Brjy/{[ai, a 2 2 a 3 a%\ = 1}, 

(3) the types of s and s are different, 

(4) fig and /xy are generic epimorphisms onto (3jv, 

(5) the pairs (s, /x ¥ ) and (s, /Xg) are weakly /x-equivalent 

(6) s,seA° 2 c S BrM . 

Now by Theorem 15. 31 there are two cuspidal Hurwitz curves H% and H 2 
in CP 2 of degree M with bmf(Hi) = s and bmf(H 2 ) = s"- The generic 
epimorphisms /x ¥ and /xj define two generic coverings f : X' —> CP 2 
and /" : X" — > CP 2 branched, respectively, along Hi and H 2 . By 
Lemma 17.2^ there is a symplectomorphism fa : X' — > X" such that 
the coverings / x = /' : X = X' -> CP 2 and f 2 = f" o h : X 
CP 2 are isotopic, but their branch Hurwitz curves have different braid 
monodromy factorization types. □ 
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